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Abstract

The likelihood function of a continuous-discrete state space model with
state dependent diffusion function is computed by integrating out the latent
variables with the help of a Langevin sampler. The continuous time paths are
discretized on a time grid in order to obtain a finite dimensional integration
and densities w.r.t. Lebesgue measure. We use importance sampling, where
the exact importance density is the conditional density of the latent states,
given the measurements. This unknown density is either estimated from the
sampler data or approximated by an estimated normal density. Then, new tra-
jectories are drawn from this Gaussian measure. Alternatively, a Gaussian im-
portance density is directly derived from an extended Kalman smoother with
subsequent sampling of independent trajectories (extended Kalman sampling
EKS). We compare the Monte Carlo results with numerical methods based on
extended, unscented and Gauss-Hermite Kalman filtering (EKF, UKF, GHF)
and a grid based solution of the Fokker-Planck equation between measure-
ments. We use the repeated multiplication of transition matrices based on
Euler transition kernels, finite differences and discretized integral operators.
The methods are illustrated for the geometrical Brownian motion and the
Ginzburg-Landau model.
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1 Introduction

Maximum likelihood estimation of sampled linear and nonlinear stochastic differen-
tial equations is of high practical importance since most data sets are only col-
lected at discrete, often large sampling times, especially in economics and the social
sciences. Nevertheless, exact ML estimation is possible, if one can compute the
transition density between the sampling intervals.

In the linear casdl the approach was pioneered by Bergstrom| (1988), who in-
troduced the ’exact discrete model’, an exact autoregressive scheme valid at the
measurement times with nonlinear parameter restrictions due to discrete sampling.
The likelihood function can be computed recursively with Kalman filter methods
(Jones; [1984} |Jones and Tryon; 1987; Harvey and Stock; |1985; Hamerle et al.; |1991}
Singer; 1990, 1993, 1995, |1998), or by representing the dynamic state space model as
a structural equation model (SEM) (Oud and Jansen; 2000; (Oud and Singer; 2008;
; . In both approaches, the parameter matrices of the discrete time
model are nonlinear matrix functions of the original parameters of the continuous
time model. One can also formulate the EDM on a time grid which is finer than
the sampling interval. Then, the nonlinear parameter functions can be linearized
and their values over the whole sampling interval are implicitly generated by the
filter (cf. [Singer; or the SEM equations (Singer; [2012). With this so-called
oversampling device, also linear (w.r.t. the parameters) SEM software like LISREL
can be used.

In the nonlinear case, the transition density is explicitly known only for some
special cases, e.g. the square root model ; . There are a variety of
approaches to obtain approximations, e.g. Kalman filtering (Singer; 2002, 2011;
Sarkka et al]; 2013), analytical approximations (Ait-Sahalia; 2002, 2008; |Chang et|
al} 2011} [Li; 2013), Monte Carlo methods (Pedersen; [1995; [Elerian et al; 2001}
Singer}; 2002}, Beskos et al.; 20006}, [Stramer et al.; 2010} [Girolami and Calderhead:;
2011} |Sarkka et al.; 2013) and numerical solutions of the Fokker-Planck equation
(Risken;; [1989; [Wei et alt [1997).

In this paper, the likelihood function is computed by integrating out the la-
tent variables of the state space model, such that only the marginal distribution of
the measurements remains. This task is performed by using a Langevin sampler
(Langevin; |1908; Roberts and Stramer; 2001, 2002; Hairer et al.; 2005| 2007 Apte|
et all 2007, 2008} Hairer et al; 2009) combined with importance sampling. The
unknown importance density is estimated from the sampler data in several ways.

We derive a conditional Markov representation which is estimated using kernel
density and regression methods. Alternatively, the true importance density is re-
placed by an estimated Gaussian density. From this, new data are generated which
have the same second order properties (mean and covariance function) as the orig-

n order to avoid misunderstandings, one must distinguish between (non)linearity in the con-
tinuous time dynamical specification (differential equation) w.r.t. the state variables and in the
derived ’exact discrete model’ w.r.t. the parameters.



inal Langevin data. As a variant, the mean and covariance function are directly
computed by a Kalman smoother, avoiding Langevin sampling. This approach will
be called extended Kalman sampling (EKS).

In section 2, the continuous-discrete state space model is introduced. Then,
Langevin path sampling is discussed in a finite dimensional approach. We analyt-
ically compute the negative gradient of the potential —logp(n|z) [log probability
density of latent states given the data], which serves as the drift function of a
Langevin equation. It is not assumed, that the diffusion function of the state space
model is state independent. Section 4 discusses the maximum likelihood approach
and the determination of the likelihood function. In section 4.1, two methods for
computing the importance density are discussed, namely an estimation approach and
a reference measure method. Then, in section 4.2, the likelihood is calculated by
numerical integration, using Euler transition kernels and transition kernels derived
from the Fokker-Planck equation (finite differences and integral operator approach).
In section 5, applications such as the model of geometrical Brwonian motion and the
bimodal Ginzburg-Landau model are considered, and the Fokker-Planck as well as
Monte Carlo approach are compared with each other. In the appendix, a continuum
limit for the Langevin sampler is considered.

2 Continuous-discrete state space model

Continuous time system dynamics and discrete time measurements (at possibly ir-
regular measurement times ¢;,7 = 0,...,7) can be unified by using the nonlinear
continuous-discrete state space model (Jazwinski; 1970, ch. 6.2)

dY (t) = fY(1), (), ¢)dt + g(V(t),z(t), ¥)dW (t) (1)
Z; = hY(t),x(t;),¥) +e€;1=0,..,T. (2)

In (1), the state vector Y () € RP is a continuous time random process and the
nonlinear drift and diffusion functions f : RP x R? x R* — R? and g : R? x R? x R* —
R? x R" depend on a u-dimensional parameter vector ¢. Furthermore, z(¢) € R? are
deterministic exogenous (control) variables. The system errors in ([1)) are increments
of the Wiener process W (t) € R". Its formal derivative is Gaussian white noise
¢(t) = dW (t)/dt with zero mean and covariance function E[(,(t)(y(s)] = d,,0(t —
s),p = 1,...,r, where 6(t — s) is the Dirac delta function (cf. Lighthill; 1958), and
0,0 1s the Kronecker delta symbol. Thus the process errors are independent for
the times ¢t # s and components p # p’. The random initial condition Y'(ty) is
assumed to have a density po(y,?) and is independent of dW(¢). The nonlinear
state equation (1)) is interpreted in the sense of Ito (see e.g.,|Arnold; [1974). Finally,
the error term ¢; ~ N (0, R(x(t;),)) in the measurement equation ({2)) is a discrete
time white noise, independent for the times of measurement. It is assumed to be
independent of the system error dW (t) (cf. |Jazwinski; (1970, p. 209-210).



3 Langevin path sampling:
Finite dimensional approach

3.1 Likelihood and Langevin equation

In order to obtain finite dimensional densities w.r.t. Lebesgue measure and a nu-
merically feasible approach, the SDE is first replaced by the Euler-Maruyama
approximation

niv1 = 1+ 0,25, 9)0t + g(n;, 25, 9)0W; (3)
= n; + fiot + g;0W;

on a temporal grid 7; = ¢y + jot;j = 0,...,J = (tr — to)/dt (cf. Kloeden and
Platen 1992, chs. 10.2, 14.1 and Stuart et al.|2004). The process noise is given as
oW; = 2;V/0t, z; ~ N(0,1,),i.i.d. and z; = x(7;). The state variables are measured
at times t; = 75,, J; = (t; — to) /0t according to

Z; = h(% Ly » 770) + 6. (4)
The approximation error of the Euler scheme could be displayed by a superscript
n?t, but this is dropped for simplicity. Since 1;4+1|n; is conditionally Gaussian, the

finite dimensional density of n = {n;,...,m} is given by [for clarity dropping the
parameter and the exogenous variables; setting 7 := {1, ..., m }|

p(n) = ﬂp(m+1|m) p(mo) = p(71[mo)p(no) (5)

= Z7 % p(n) (6)

S = 3 ‘ (41 — 15 — [308) (Q6t) " (1j01 — mj — f;61) (7)
e

Z = [[l2=ot'?, (8)

where (; = g;g; is assumed to be nonsingular. Otherwise, one can use the singular
normal distribution (cf. [Mardia et al.; (1979, ch. 2.5.4, p. 41). In order to compute
the likelihood function of the measured data z = {zr, ..., 20}, one can augment the
density function with imputed variables, e.g. the latent states n, leading to

p(z) = / p(elmp(n)dn. (9)

The resulting high dimensional integration will be accomplished by Monte Carlo

methods, and in comparision, by numerical integration. A direct approximation of
@ by the mean

p(z) ~ N7 p(zlm)

=1



is extremely inefficient, since the unconditional random vectors 7; ~ p(n) in the sum
are mostly suppressed by the measurement density p(z|n) = [[_, #(2i, h(n;,), Ri)-
This may be thought of defining windows in phase space where the trajectories n;
must pass through (cf. Kacj 1980). Using the idea of importance sampling, one can
rewrite @ as

pe) = [EEEEyan (10

where p(n|z) is the optimal importance density (Kloeden and Platen; (1999, p. 519).
Thus one must be able to draw conditional trajectories 7|z, a task which can be
accomplished by the Langevin approach (Parisi and Wuj [1981)).

Introducing a (J+1)p-dimensional random process n(u) = 1;4(u);j =0, ..., J,a =

1,...,p and a potential ®(n) := —log p(n), one may consider a Langevin equation in
the fictious time dimension u
dn(u) = —0,®(n)du + V2 dW (u), (11)

where W is a (J +1)p-dimensional Wiener process and 0, := a%' Under the assump-
tion of ergodicity, the (autocorrelated) trajectory n(u) asymptotically (v — o0)
draws data from the stationary distribution

pstat(n) = e_q)(n):p(n)'

This may be seen by considering the stationary Fokker-Planck equation

Oup(n, u Zama o @()P (11, 1) + Oy, (1)) = 0 (12)

for the density p(n,u) (see, e.g. Risken; |1989, chs. 5.2, 6.0). Of course, one can
directly draw independent vectors 7 from . The advantage of is the possibility
of drawing from p(n|z), by using

d(nlz) = —logp(n|z) = —[logp(z|n) + log p(n) — log p(2)] (13)

as potential. The last term, which is the desired quantity , drops out by com-
puting the gradient. Keeping a continuum limit 6t — 0 for eqn. in mind (see
appendix), the partial derivatives in the Langevin equation are scaled by the time
discretization interval §t, leading to

dn(u) = —6,0(n2)du+ V2 dW (u)/Vét. (14)
Here we set 4, a%t = % in view of the functional derivative 5 (t)

2 The functional ®(y) may be expanded to first order by using a linear functional (6®/8y)(h) =
J(6®/6y(s))h(s)ds (functional derivative). One has ®(y + h) — ®(y) = (6®/5y)(h) + O(||n|[?).

A discrete version is ®(n) = ®(no,...,ns) and ®(n + h) — @(n) = >_;[0D(n)/0(n;dt)|h;dt +
O(||h]|?). As a special case, consider the functional ®(n) = n;. Since n; +h; —n; = >_(0;,/5t)hydt
one has the continuous analogue y(t) + h(t) — y(t) = [ 6(t — s)h(s)ds, thus dy(t)/dy(s) = 6(t — s).
See appendix



3.2 Drift function

In order to obtain an efficient sampling algorithm, the drift function in ({14])
onlogp(n|z) = dyllogp(z|n) + logp(n)]

must be computed analytically.ﬂ

Consider the term logp(n) (cf. eqn. [f]). The Lagrangian (7)), also called Onsager-
Machlup functional (Onsager and Machlup; [1953) may be rewritten as

J—1
S = 1> oni(Q,et) en, (15)
§=0
J—1 J—1
— > Ao+ 5 0 fot (16)
§=0 j=0
= S[) + Sl + SQ,

dn; = n;+1 — n;. In a system without drift (f = 0), only the first term Sy remains,
corresponding to a random Walkﬂ Therefore, the density p(n) can be factorized as

p(n) = po(n) a(n) where

J—1 J—1
o) = PO _ o {Z 105, — %Zf]’ﬂjlfj&} (17)
j=0

po(n)

=

is the density ratio and po(n) = Z ' exp(—Sy)p(no) is the density of the driftless
process including the initial condition. Thus one has the decomposition log p(n) =
—log Z — Sy — 1 — Sy + log p(mo)-

3.2.1 State independent diffusion coefficient

First we assume a state independent diffusion coefficient €2; = €2, but later we set
Q; = Q(nj,z;). This is important, if the Lamperti transformation does not lead to

3 Notation: In the following, the components of vectors and matrices are denoted by greek
letters, e.g. fo,a = 1,...,p, and partial deriatives by commas, i.e. fo g = 0fa/Ong = 0gfa =
(fn)as. The Jacobian matrix 0f/0n is written as f,, and its Sth column as (f;,)es. Likewise, Qqe
denotes row « of matrix Q,5 and Q. = 2 for short.

Latin indices denote time, e.g. fjo = fa(n;). Furthermore, a sum convention is used for the
greek indices (i.e. foga = Y., faga). The difference operators § = B~' — 1, V =1 — B, with the
backshift Bn; = n;_; are used frequently. One has §-V = B! —2+ B := A for the central second
difference.

4In the case of a state dependent diffusion matrix, Nj+1 = nj +9(n;, x;,¢¥)0W; generates a more
general martingale process. Expression remains finite in a continuum limit (see appendix).



constant coefficients in multivariate modelsﬂ In components, the term reads

So = %Z(%‘H;B —1;8)(Q8,0) " (157 — Mjiy),

=0
Note that (Qs,0t)"! = [(Q0t)"!]s, and the semicolon in 7;41.5 serves to separate
the indices, it is not a derivative. Differentiation w.r.t. the state n;, yields (j =
1. J—1)
8S50/0(mjadt) = —Q 6t (Njs1y — 205y + Nj-117) (18)

In vector notation, we have 95,/9(n;0t) = —Q~'6¢t72An;. On the boundaries j =
0,5 = J we obtain

850/3(U0a5t) = _Q;'tétiz(nl'y - 7707)
950/ 0(moadl) = nglét_2(77J7 — NJ-17)

Next, the derivatives of log a(n) are needed. One gets

051/0(njalt) = =0t f38.005, M5y — o (i — fi1)]
or in vector form, using difference operators

951/0(njadt) = =6t [f}e 2 on; — Q0 f], (19)
where fje o is column « of the Jacobian f,(n;). The second term yields

852/8(77j045t) = a/anja%[fjﬁgzg»;fjfy] = fjﬁ,aggylfj’y
= fj{o,aQ_lfj‘ (20)
Finally, one has to determine the drift component corresponding to the measure-

ments, which is contained in the conditional density p(z|n). Since it was assumed
that the error of measurement is Gaussian (see [2)), we obtain

T T

p(zln) = Hp(zi|77ji) :H¢(Zi§hiaRi)a

=0 =0

where ¢(y; 1, ¥) is the multivariate Gaussian density, h; = h(n;,,;,) is the output
function and R; = R(xj,) is the measurement error covariance matrix. Thus the

®These are called irreducible diffusions. A transformation z = h(y) leading to unit diffusion for
z must fulfil the system of differential equations ha ggsy = day,a, 8 = 1,...,p;v = 1,...,7. The
inverse transformation y = v(z) fulfils va~(2) = gay(v(2)). Thus va s = Gary,cle,s = Vasy =
Gas,cVey- Inserting v one obtains the commutativity condition goy ¢ ges = gase gey- Wwhich is
necessary and sufficient for reducibility. See [Kloeden and Platen| (1992, ch. 10, p. 348), |Alt-
Sahalia (2008).



derivative reads (matrix form in the second line)

T
Olog p(z[n)/0(Mjadt) = > hiyaRig: (zip — i) (855, /t)

=0
T

= Z h;o,aRi_l(Zi - hZ)((SJJz/ét) (21)
=0

The Kronecker symbol §;;, only gives contributions at the measurement times ¢; =
7;,. Together we obtain for the drift of the Langevin equation ((14])

dylogp(nlz) = d,llogp(z(n) + logp(n)]

= - + 6, log p(10). (22)

Here, p(ng) is an arbitrary density for the initial latent state.

3.2.2 State dependent diffusion coefficient

In the case of Q; = (n;,z;) the expressions get more complicated. The derivative
of Sy now reads

0S0/0(mjadt) = 0t 2[00 50mi-18 — Lagdnjis + 5005825, a0M),  (23)
Q;ﬂl%a = (271 8y.a- A closer relation to expression 1) may be obtained by the
Taylor expansion
Vlias = Yap + Qap (Mi-1i9 — 0jy) + O(lIon;1[°) (24)
leading to
080/0(njadt) = =0t (11,8 — 2058 + Nj—1;5)
— Qs 0t 700 _1,60mj-1,5 + O3t *||0m;1 )
+ 5500t 2015500, (25)

In the state dependent case also the derivative of the Jacobian term log Z~1 =
-i¥ ;1og [27m€2;6t| is needed. Since the derivative of a log determinant is

Olog|Q]/000s = Q3.
one obtains
Olog 27! [0(njalt) = =30t Qs Qjsya = =30t 1[50,
Q0 = Qjesqo for short. Using the formula Qij_l =1;Q, = _Qij_,in we find

Dlog Z71/0(njadt) = %5t‘1tr[ij;Qj]. (26)



The contributions of S; and Sy are now (see

05y /0(n;abt) = (27)
_5t_1[fjﬁ,an_,8176an - (Qj_ozl'yfj’Y ] 1 a’ny 1; ’Y) + f]ﬁgj,é"y a(;nj’y]

852/8(773045t) = fjﬁ,OéQj_ﬁlfyf]'Y Qf]/BQJﬁfy afj’Y‘ (28)

It is interesting to compare the terms in , depending on the derivative

Q; ﬂl,y o> Which read in vector form

%51&‘%1"[953577]-577;] — (5t—1tr[Q 577]f |+ tr[Qj afjf]
and the Jacobian derivative . The terms can be collected to yield
301240 {Q 5[t — (9m; — f;0t)(6n; — f;0t)']}, (29)

as may be directly seen from the Lagrangian ([7)).
In summary, the Langevin drift component (ja),j = 0,...J;a = 1,...,p is in
vector-matrix form

O logp(n]2) = %a[legp( z|n) + log p(n)]
= Zhloa i _hl>(5ﬂz/5t)

+ 5?5 2[%.577;' — a0 ]

+ ot 1[fgoa 31577] (Q;ozlofj_ j— lowfj 1)]

— [l S

+ 50t {Q; [0t — (on; — f;0t)(0n; — f;6t)'}
+ On,, logp(no).

Here, hjq o is column « of Jacobian hy(n;,), Qa, is row a of Q(n;) ™1, Q1 = Q.
and fjs o denotes column « of Jacobian f,(n;).

4 Maximum likelihood estimation

4.1 Monte Carlo approach

In section , conditional path sampling was motivated by computing the density
function () of the data z efficiently. Considering L(¢)) = p(z;¢) as a function
of the parameter vector ¢, the maximum likelihood estimator is obtained as Qﬂ =
arg max, L(¢) (cf. Basawa and Prakasa Rao; |1980). In equation (10)), namely

e = [ %pwz)dn = Elg(n, 2)|c), (30)



the expectation over the invariant (stationary) distribution may be estimated as
fictious-time average

p(zU) = Ul/o g(n(u),z)du ~ N7! Zg(m, z) := p(z; 0u, N) (31)

=0

if n(u) is ergodic. The sum results as an approximation of the integral with grid
size du, U = Néu,w = ldu,m = n(w;). In (31), the importance (smoothing) density
p(n|z) is unknown, whereas conditional trajectories 1, ~ p(n|z) can be drawn from
the Langevin equation in equilibrium. One could also simulate independent
replications n;(u),l = 0,..., N — 1, evaluated at large u.

The Langevin equation for the simulation of n(u) in the fictious time dimension u
is a nonlinear Itd equation with (J+1)p components. It can be solved approximately
using several numerical schemes, e.g. the Heun method or a 4th order Runge-Kutta
scheme (Kloeden and Platen; 1999; Riimelin; 1982; |Gard; 1988). Here we use an
Ozaki scheme (Ozaki; [1985) with Metropolis mechanism in order to ensure a correct
stationary distribution. This scheme is exact for linear drift functions.

In order to improve the relaxation of the Langevin equation to equilibrium, it
can be scaled with a positive definite kernel matrix K. The transformed equation

dn(u) = —K6&,®(n|2)du+ vV2KY? dW (u)/Vét, (32)

K = K'2(K'?)" yields the same stationary distribution, as may be seen from the
stationary Fokker-Planck equation . The kernel may be even time and state
dependent, i.e. K = K(n,u) (cf. Parisi and Wuj 1981} |Okano et al.; [1993)), but then
additional terms and convolution integrals are required. In the constant case one
has (setting 0j, := 0y,, and summing over double indices)

0 = jaKaus(O®)p + 0iadis K00 K51

josuytru
= 0 {Kja;lﬁ(alﬂq))p + Kja;lﬁalﬁp} = divJ

Therefore, setting the probability current J = 0 one obtains the equilibrium distri-
bution pya(n]z) = e®@2) independent of K (see, e.g. Risken; (1989, chs. 5.2, 6.0).
If the Langevin equation 1} were linear with drift Hnot (i.e. & = %n’(—H)n&tz
with symmetric negative definite H), one can use K = —H ! as kernel to obtain an
equation with decoupled drift components dn = —(ndt)du + v2K? dW (u)//dt.
For example, the leading term is linear. If the linear drift is differentiated w.r.t
7, one obtains the matrix H = §,(Hndt). In the nonlinear case, the idea is to com-
pute the Hessian matrix Hjo,jar = —dy;, 0y, P(n]2) at a certain point n(u) and use
K = —H™! as kernel.

4.1.1 Determination of the importance density

For computing the likelihood function (30), the importance density p(n|z) must be
determined. Several approaches have been used:

10



1. Approximation of the optimal p(n|z) by a density estimator p(n|z), using kernel
density or regression methods.

One can use a density estimate

N

pnlz) = N7 wk(n—m; H), (33)

=1

where k is a kernel function and H is a suitably chosen smoothing parameter.
In this article a multivariate gaussian kernel x(y, H) = ¢(y;0,h2S) is used,
where e = 1/(p+4), A = (4/(p+2))¢; h = An~¢ and S is the sample covariance
matrix (Silverman; 1986, p. 78 ff.).

The density estimate seems to be natural, but the dimension of 7 is very
high, namely (J+1)p, J = (t7—to)/dt. It turns out that the estimation quality
is not sufficient. Therefore the Markov structure of the state space model must
be exploited first. We use the Euler discretized state space model

N1 = f(n;)0t+ g(n;)oW;
Zi = h<yl>+€17

where the dependence on x; and v is dropped for simplicity) in combination
j
with the Bayes formula

p(n[z) = p(nsns-1, .m0, 2) P(My-1, ., M0l2).
Now it can be shown that n; is a conditional Markov process
Pyl M0, 2) = Py, 2). (34)

To see this, we use the conditional independence of the past 2* = (2, ..., 2;)
and future z* = (2411, ...2r) given 1/ = (1o, ..., n;). One obtains

p(mjsaln’ 2, 2) = paln’.2') = p(nj4aln;, 2°)
p(anrlmja 2" 7)) = p(nj+1 |77j7 51)
Ji <7 <Jit

)

)
)

since

(i) the transition density p(n;11|n’, z%,z") is independent of past measure-
ments, given the past true states, and only the last state n; must be
considered (Markov process).

(ii) the transition density p(n;i1|n;, 2", 2") is independent of past measure-
ments.

11



Thus we have proved p(n;;1|1, 2%, 2') = p(n+1|n;, 2%, 2°).

With the representation it is sufficient to estimate the density func-
tion p(7n;41|n;, z) with a low dimensional argument 7; instead of the full n =
(Mo, .-, 7). The estimation can be accomplished by using either

(a) density estimation methods as in (33]), or by

(b) regression methods.

In the latter case, the Euler density is modified to the form

(i1, 0tny, 2) = d(niasmy + (f5 + 0.f5)0t, (5 + 5;)dt) (35)

where the correction terms are estimated using the data n; = 7;|z from the
Langevin sampler. It is assumed that the conditional states fulfil the Euler
discretized SDE (cf.

onjr1 = [f(ny) +0f(ny)]ot + [g(n;) + dg;(n;) oW (36)

with modified drift and diffusion functions. This functions can be estimated
by parametric specifications (e.g. 6 f(z) = a+ Bz +~z?) or nonparametrically.
The introduction of drift corrections was derived analytically in [Singer (2002,
2014).

. Another approach is the choice of a (in general suboptimal) reference density
po(n|2) = po(z|n)po(n)/po(z), where the terms on the right hand side are known
explicitly. This yields the representation

pe) = i) [ EEAD L g (37)

In this paper we use a conditional gaussian density

po(n]z) = ¢(nlz) = é(n; En|z], Vn|z]) (38)
where the conditional moments are estimated from the

(a) Langevin sampler data 1, = n;|z. Alternatively, one can use a
(b) Kalman smoother
to obtain approximations of the conditional moments. We use algorithms

based on the Rauch-Tung-Striebel smoother with Taylor expansions or us-
ing integration (unscented transform or Gauss-Hermite integration; see, e.g.

Jazwinski|1970; Sarkka 2013, ch. 9).
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In both cases, one must (re)sample the data from py = ¢(n|z) to compute the
likelihood estimate

o) = Ny Pl )

] Po M|z
m ~ Po-

4.1.2 Score function

The score function s(z) := dy log p(z) (dropping 1) can be estimated by using a well
known formula of |Louis| (1982). One can write

) = Bulog [ plendn=p() ! [ s(znple iy
= Els(z,n)l4], (40)

s(z,m) == Oy logp(z,n) = Oyp(2z,n)/p(2,n), with the estimate
§(z) = N7! zl:s(z,m). (41)

From this a quasi Newton algorithm 1,1 = 1, + F} '8;(2) can be implemented.
For example, one can use BFGS secant updates for Fj,.

4.1.3 Bayesian estimation

A full Bayesian solution to the estimation problem can be obtained by the decom-
position of the posterior

p(n.lz) = plz,n,9)/p(z) = p(zln, L)p(nle)p(¢) /p(2). (42)
From log p(n, 1|z) one obtains a system of Langevin equations of the form (see eqn.
1)

dn(u) = 6,logp(n, ¥|2)du+ 2 dWy(u)/Vét (43)

dp(u) = Oylogp(n, ¥]z)du+ V2 dWs(u), (44)
where W7 @ (J+ 1)p x 1 and W5 : u x 1 are independent Wiener processes. For

large "time” u one obtains correlated random samples from p(n, ¢|z). The drift term
Oy log p(n, 1|z) coincides with the score s(z,n) except for the prior term 0v log p(),

since p(n, ¥|z) = p(z,n|Y)p(¥)/p(2).

4.2 Numerical integration approach

The Monte Carlo approach will be compared with a method based on Riemann
integration combined with transition kernels, which are computed in three different
ways, namely by using i) the Euler transition kernel and the matrix exponential of
the Fokker-Planck operator, which is represented ii) as a matrix of finite differences
or iii) as an integral operator.

13



4.2.1 Transition kernel approach

The (J + 1)p-dimensional integral in the likelihood p(z) = [ p(z|n)p(n)dn can be
computed without Monte Carlo integration, at least for small dlmensmns p of n;.
One can write

Ji+1—1
/H [ Gialnin) T » m+1!m] p(zolm0)p(m0)dn,

J=Ji

by using the conditional independence of Z;|n and the Markov property of n (see
equations 3H4]). The likelihood expression can be represented recursively by the
Kalman updates (time update, measurement update, conditional likelihood)

Ji+1 1
P l2") = [ 11 / dn; p(nj+1|77j)d77j] p(n;:|2")
J=Ji
p(njz'H‘ZiJrl) = p(zi+1|77ji+1)p(77ji+1|Zi>/p(zi+1|Zi)
p(Zi+1|Zi) = /p(zi+1’77ji+1)p(7lji+1|Zi)d77ji+1
i =0,..,T
with initial condition (10| Z°) = p(zo|no)p(no)/p(20); p(20) = [ p(20|n0)p(10)dno and
Z' = {z,...,2} (data up to time ¢;). Thus one has
T-1
p(z) = p(zi11] 2" )p(20)
=0

by the Bayes formula. Actually, the Kalman representation is more general since
it is also valid for densities p(n;11|n;, Z*), p(Zi+1|0js1r, Z°) depending on lagged mea-
surements (cf. Liptser and Shiryayev; 2001, vol. II, ch. 13).

The p-dimensional integrals will be approximated as Riemann sums (or using
Gauss-Legendre integration)

[ pietptuicran = 3 pleblplaniOn = 3 pllaripin o

on a p-dimensional grid of supporting points ny, i.e. k = {k1,...,kp}, ko = 0,..., K,
is a multi index, ny = {Mk,,..., Mk, } is a p-vector inside a p-dimensional interval

[a, 0] = [a1,b1] X ... X [ap, by], with coordinates
Nk, = Qq + ka(sna (45)
Nk. = bas@ =1, ..., p, and volume element dn = [[°_, 07,.
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4.2.2 FEuler transition kernel

The Euler transition kernel p(&|n;) for the difference equation (3) can be viewed
as a matrix Tj,. It is given by the normal density ¢(&;n + f(n)dt, 2(n)ot) on the
grid points &, n;. The dependence on the time index j, the exogenous variables
z; = x(7;) and the lagged data Z' is omitted here.

A Dbetter approximation of the true transition kernel p(y;i1,7j+1|y;, 7j) of the
original SDE ({1)) can be achieved through an expansion of the drift function using
[t6’s lemma (Shoji and Ozaki; 1997, 1998 |Singer; 2002)

FW) =~ fly) + fy(i) (= y5) + 5 Loy (0) 2y ) (= t5). (46)

The approach is known under the label local linearization (LL). Inserting into
the moment equations one obtains the linear differential equations g = E[f] =~
fi+ Aj(p —y;) +¢j(t —t;), ¥ = AjY + DA, 4+ Q; with the Jacobian terms A; :=
Fy(Wi), 5 = 3 fuu(y;)Qy;) (for details, see [Singer; [2002). The second order term c;
only leads to contributions of order §¢2. Thus an improved transition kernel is given
by

pMialng) = i i1, Xjra)
piv1 = nj+ Aufy+ AT 16t + Aygle
row iy = (41 +10A;) (A @ A5 — Irow Q;,
Ar = exp(A;6t), Ayj := A;'(A; — I), where row is the row-wise vector operator.

For small dt, one recovers the Euler terms pj1 = n; + f;0t; 2,41 = Q;6t. The
approaches are denoted as ETK and LLTK in the sequel.

4.2.3 Fokker-Planck equation

The transition kernel can also be obtained as a short time approximation to the
solution of the Fokker-Planck equation

Op(y tly;, 7)) = —Oalfap(y, tly;, 75)] + 50a05[Qasp(y, t]y;)]
= F(y>p(yvt’y]aTj)
with initial condition p(y,7;|y;,7;) = d(y — y;). A summation convention over

doubly occuring indices «,  is supposed. Formally, one has p(y;i1,7j11] yj, 75) =
exp[F(yj41)0t] d(yj+1 — y;), if the system is autonomous, i.e. z(t) = z. In this
case, the measurement time interval At; := ¢;,; — t; may be bridged in one step
P(Yit1, tiv1|Yi ti) = exp[F(yj41)AL] 8(yiy1 — y:). For equally spaced data, only one
kernel must be computed. In the nonautonomous case, a time ordered exponential
must be considered. In this paper, it is assumed that x(¢) = x; is constant in the
interval [7;,7j41), 50 p(Yj41, Tj41lYj, 75) = explF (Y1, 2;)0t] 6(yj41 — ;). In this
section, two approximations are considered:

1. First, the spatial (y) derivatives are replaced by finite differences on a multi-
dimensional grid yy.
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2. Second, the differential operator F' is rewritten as an integral operator and the
integrals are approximated as sums.

The time dimension t is kept continuous. Such mixed approaches are called lattice
approximation, semi-discretization or method of lines (cf. [Schiesser; [1991; |Jetschke;
1991} [Yoo; [2000)). In both cases, one obtains a linear matrix differential equation
which can be solved by the matrix exponential function.

Finite differences. Using finite differences, one may write

—0ulfaP(Y)] = —Okyty-Vigin-- Ok, [fa () p(ur)]

with multi index I = {l1, ...}, vi = {y,, -y, } = a + 10y (see and two sided
differences Vi1, = (0k+1140 — Oko—11)/(20ys). The diffusion term is

30008(Qsp(y)] =~ 30k Viata - Vigis--- Ok, [Qas (W) (W)

with the replacement (diagonal terms a = f3): V%ala — ANpoto = (Okp+1:0 — 205,10, +
Oko—1:1,)/(0%2) (centered second difference). Thus the Fokker-Planck operator is
replaced by the matrix

Fkl = _5k1l1'--vkala-~-5kplpfa(yl)+%5k1l1---vkala-'-vkﬂlg---ékplpgaﬁ(yl)- (47)

Usually the multi indices are flattened to a K = [, K,-dimensional index. Clearly,
one obtains a high dimensional matrix problem. The transition kernel on the grid
points is written as matrix (possibly depending on ;)

p(Mjsrklni) = [exp(F(x;)0t)]x/on

where the matrix exponential function may be evaluated using several methods,
including Taylor series and eigen methods (Moler and VanLoan; |2003)

Integral operator. Alternatively, the differential operator F(y) can be repre-
sented as integral operator

Fy)ply) = / F(y, 4 )p(y)dy’
with integral kernel F(y,y') = F(y)d(y —v') = L(¥')0(y — v') = L(v¥',y) (Risken;
1989, p. 69). Here L(y) = F*(y) is the backward operator and (y — %) is the Dirac
delta function (cf. Lighthill; 1958)). The differential operation ¢(y) = F(y)p(y) =

[ F(y,y")p(y')dy is thus transformed to an integral operation. It may be approxi-
mated on the p-dimensional grid y; as matrix-vector product

alye) = Y Flye, w)p(m)dy
Flye,y) = F(ye)o(ye — 1) == Fia/oy.
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Explicitly, one obtains the distribution (cf.

Fly,y) = =0y = v1)--0p.0(Ya = Ya) -0 (p = 4) fa(y)

+ 301 = ¥1)--0ya0(Ya — Yo)---0ys0(ys — Y)---0(Yp — 1) Qs (y)-
The delta function is interpreted as a function sequence §,(y) with the property
lim, oo [0,(y — ¥)o(y)dy = ¢(y) for any test function ¢ (Lighthill; 1958). In
numerical applications, one must use a certain term of this delta sequence with
appropriate smoothness properties, leading to a free parameter n of the numerical
procedure. For example, one can use the series §,(y —v') = >0 _; Xm(¥)Xm (y') for
a complete orthonormal system Y, or the truncated Fourier transform 4§, (y — ¢') =
J" exp(2rily — y')k)dk.

If one writes F(y)p(y) = F(y) [ 0(y — y')p(y')dy, the term p(y,d,) = [dn(y —
v )p(y')dy may be interpreted as a functional. In this guise the procedure was called
DAF (distributed approximating functional; cf. [Wei et al.; 1997) using Hermite
functions (oscillator eigenfunctions) y,,.

If the delta functions on the grid points v, ,y;, are replaced by §(yx, — vi.,) —
Okalo/War O (Uke = Yto) = (Okattie = Oko—100)/ (2092), 0" (Yko — Yia) = (Okut1ie —
20kate + Oka—1,.)/0yS one recovers the finite difference approximation (47). This
choice corresponds to the delta sequence ds,(y) = xa(y)/dy, A = [=dy/2,dy/2]
where y 4(z) is the indicator function of the set A. In this case the free parameter n =
0y is naturally given by the spatial discretization interval dy. The Euler transition
kernel does not require the choice of free parameters (it is naturally given by the
time discretization 6t). The spatial discretization should be of order v/Qot.

5 Applications

5.1 Geometrical Brownian Motion (GBM)

The SDE
dy(t) = py(t)dt + oy(t) dW (1) (48)

is a popular model for stock prices, used by Black and Scholes (1973)) for modeling
option prices. It contains a multiplicative noise term y dWW and is thus bilinear. The
form dy(t)/y(t) = pdt + o dW (t)/dt shows, that the simple returns are given by a
constant value pdt plus white noise. For the log returns, we set x = logy, and use
[td’s lemma to obtain dz = dy/y + 1/2(—y?)dy* = (u — 0*/2)dt + odW. This
shows, that the log returns contain the Wong-Zakai correction, i.e. ji = u— 0?/2.
From this, we obtain the exact solution

y(t) = y(t)elB—o/2 =0 +olW (- Wto)] (49)

which is a multiplicative exact discrete model with log-normal distribution. The
exact transition density is thus

Py, tlyo. to) =y ¢ (log(y/yo); (n — 02/2)(t — to), o°(t — to)) (50)
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Figure 1: Geometrical Brownian motion GBM: Trajectory and log returns. Vertical lines:
measurement times.

The model was simulated using p = 0.07,0 = 0.2 and §¢t = 1/365. Only monthly
data were used (fig. [I)).

The Langevin sampler output is displayed in fig. [2| Due to a convergence kernel
(inverse Hessian of the potential @), all trajectories relax to equilibrium at about
the same rate and the autocorrelation is small (1st row, 2nd columnn). We sampled
M = 2000 trajectories, dropping 30% at the beginning to avoid nonstationarity and
used only every second one (thinning). This reduces autocorrelation in the sample.
Thus the effective sample size is M’ = 700.

We obtain a smooth likelihood surface with small approximation error (figs.
(6] [8] [0} [L0). Clearly, the usage of the full kernel density yields bad results (fig.
M). In contrast, the conditional Markov representation (34) works well (fig. [3). One
can also use a conditional gaussian density in or a linear GLS estimation of
the drift correction df; and diffusion correction 6€; (see eqn. [B5). If the diffusion
matrix is not corrected, biased estimates occur (fig. [7)).

Importance sampling using an extended Kalman smoother (extended Kalman
sampling EKS, see (38))) yields very good results (fig. [0). Finally, the transition
kernel filter (TKF) with an Euler transition kernel is displayed, where the integration
range is {yo, y1,dy} = {0.7,1.5,.0025}. This leads to a 321 x 321 transition matrix
with 103 041 elements (see section 4.2.2)). However, entries smaller than 10~® where
set to 0, and only 15972 values were stored in a sparse array.

In this one dimensional example, the TKF is most efficient, while the EKS takes
4 times more CPU time. The methods based on the conditional Markov property
take much more CPU time, especially when using a kernel density estimate for
p(nj41|m;j, 2) (seed). In a higher dimensional state space R?, however, the grid based
TKF soon gets infeasible, since we have K? supporting points 7y, k = (ki, ..., k) in
RP. The transition kernel matrix is even of dimension K? x KP.
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Figure 2: Langevin sampler. Importance density po = [[; ¢(nj+1,75]2)/¢(n;]2). From
top, left: (1,1): trajectory n; over [ (replications), (1,2): autocorrelation of 7n;;, (1,3):
trajectories 7, over j, (2,1): convergence of estimator p(z), (2,2): potential log p(;/)
over [, (2,3): average acceptance probability and rejection indicator for Metropolis al-
gorithm.
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Figure 3: Likelihood (left) and score (right) as a function of o — 0.2, p» = conditional
kernel density. Green lines: exact log-likelihood.
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Figure 9: Likelihood and score, extended Kalman sampling.
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Figure 10: Likelihood and score, transition kernel filter with Euler transition kernel.

5.2 Ginzburg-Landau model
The Ginzburg-Landau model

dY = —[aY + BY?|dt + odW ()
with measurement equation
Zi = }/Z + €,

at times t; € {0,2,4,6,8,10} is a well known nonlinear benchmark model, since the
stationary distribution

po(y) o< exp[—(2/0%)®(y)],
dy) = 1oy’ + 1By

can exhibit a bimodal shape (Singer; 2002, 2011}, [Sarkka et al); [2013). The true
parameters were set to the values {«g, 5,00} = {—1,0.1,2}, R = Var(¢;) = 0.01
and the trajectories were simulated with a discretization interval 6t = 0.1 using an
Euler-Maruyama approximation (cf. Kloeden and Platen; 1999)

Fig. shows the simulated likelihood surface as a function of parameter
o — o0y using a Gaussian distribution as approximate importance density. The
mean F(n;|Z) and covariance matrix Cov(n;|Z) were computed either using an ex-
tended or an unscented Kalman smoother. For the conditional covariance matrix
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Figure 11: Ginzburg-Landau model. Extended Kalman sampling, M = 1000. Likelihood
(left) and score (right) as function of o — 0. Reference trajectory = smoother solution.
First row: Brownian bridge. 2nd row: Extended Kalman smoother. 3rd row: Unscented
Kalman smoother. Black line: transition kernel filter with Euler transition kernel.
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Unscented Kalman smoother. Black line: transition kernel filter with Euler transition
kernel.
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Figure 13: Ginzburg-Landau model. First line, from left: Conditional mean + standard
deviation: extended Kalman smoother, Langevin sampler, Gauss resampling, conditional
covariance matrix: extended Kalman smoother, Langevin sampler. 2nd line, Brownian
bridge. 3rd line, unscented Kalman smoother (see text).

Cov(n;,n1Z) « (J 4+ 1)p x (J + 1)p, two variants of the linearization can be used:
computation of the Jacobians df(y)/0y and Oh(y)/0y either along the filtered or
along the smoothed trajectory. Furthermore, one can set f = 0 in the smoother,
which corresponds to a Brownian bridge (cf. Durham and Gallant; 2002). The error
bars were obtained using 10 likelihood surface replications with different random
seeds. Clearly, the Brownian bridge performs best, and the likelihood surface is
smooth as a function of the parameter (figs. and first line, right). This is in
contrast to methods based on particle filters (cf. [Pitt} 2002} [Singer}; [2003)). It should
be noted that not only the mean over the likelihood surfaces, but also each single
one is a smooth curve, which facilitates the usage in Newton type algorithms or in
Langevin samplers for Bayesian estimation.

The superiority of the Brownian bridge sampler can be understood from fig.
The Kalman smoother (first line, left) tends to predict values in the potential wells of
P(y) (cf. [Singer; 2005, 2008)), whereas the exact smoothing solution computed from
the Langevin sampler (first line, second column) predicts more or less straight lines
between the measurements. This behaviour is exactly produced by the Brownian
bridge (second line), since the drift was set to f = 0. The unscented Kalman
smoother also gives a conditional mean similar to the Langevin sampler (3rd line,
left and middle).

Thus, the conditional mean given by the Brownian bridge and the unscented
Kalman smoother is (at least in this example) nearer to the exact smoothing solution
(Langevin sampler) than the Kalman smoother, producing a better approximate
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importance density . This, in turn, improves the importance sampling results.

Since the extended Kalman sampler is based on an extended Kalman smoother,
it is interesting to inspect the likelihood surfaces produced by the EKF and other
integration based filters, such as the unscented Kalman filter (UKF) and the Gauss-
Hermite filter (GHF'). The comparison with the exact TKF/ETK is displayed in fig.
14} It is seen that the integration based filters are superior to the Taylor based EKF.
Still, the likelihood surfaces strongly deviate from the exakt TKF solution (black
line).

As noted above, the EKF moment equation 1 = E[f(y)] ~ f(u) gives solutions
in the minima of ®(y). This does not happen for the integration based equation
= E[f(y)] = > aif(m), where p tends to zero (cf. Singer; 2005, [2008). Therefore,
an integration based smoother should give better results, as is the case.

Table|l|serves to compare the ML-estimates given by the several estimation meth-
ods with the reference solution TKF /ETK. The likelihood function was maximized
using a quasi-Newton algorithm with numerical score and BFGS secant updates.
The standard errors were computed using the negative inverse Hessian (observed
Fisher information) after convergence. The results of the Kalman sampler with
M = 10,000 replications are very similar to the reference solution TKF/ETK. A
smaller sample size (M = 1000) gives good results for the Brownian bridge sam-
pler, the unscented Kalman sampler and the Gauss-Hermite sampler. The extended
Kalman smoother leads to bad results in this case. The integration based filters
UKF and GHF produce somewhat biased ML estimates whereas the EKF, again,
performs worst, especially for parameter «. Clearly, this findings are only prelimi-
nary.

Other estimation methods for the importance density, such as kernel density
or regression methods, are very time consuming when a reasonable approximation
for the likelihood surface should be achieved. These methods are presently under
further study.
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’true\ est std \ est std \ est std \ est std ‘
| | TKF/ETK | EKF | UKF,sk=0 | GHF,m=3 |
—1 [ —0.5005 0.5407 [ —0.1039 0.2432 | —0.349 0.7421] —0.349 0.7421
0.1 | 0.0609 0.0568| 0.0364 0.0415| 0.0406 0.0642 | 0.0406 0.0642
2 | 1.6157 0.4739| 1.543 0.3801| 1.7353 0.7355| 1.7353 0.7355
Extended Kalman sampling, M = 1000 ‘
EKS BBS UKS, k=0 GHS,m =3
—1 | —1.0676 0.3985 | —0.4176 0.4457 | —0.4176 0.4457 | —0.4762 0.4357
0.1 | 0.1166 0.0439 | 0.0518 0.0464 | 0.0518 0.0464 | 0.0572 0.0424
2 1.73  0.3122] 1.5631 0.4245| 1.5631 0.4245| 1.5969 0.4239
Extended Kalman sampling, M = 10, 000 |
EKS BBS UKS, k=0 GHS,m =3
—1 | —0.4864 0.4659 | —0.4908 0.5061 | —0.4501 0.4449 | —0.4498 0.4468
0.1 | 0.0581 0.0437| 0.06 0.0533 | 0.0555 0.0454 | 0.0554 0.0454
2 | 1.5882 0.4169 | 1.6101 0.4606 | 1.5899 0.4352 | 1.5888 0.4286

Table 1: ML estimates for several estimation methods. The transition kernel filter with
Euler transition kernel (TKF/ETK) (top, left) serves as reference value. EKF: extended
Kalman filter, UKF: unscented Kalman filter, GHF: Gauss-Hermite Kalman filter, EKS:
extended Kalman sampler, BBS: Brownian bridge sampler (f = 0), UKS: unscented
Kalman sampler, GHS: Gauss-Hermite sampler

6 Conclusion

We analytically computed the drift function of a Langevin sampler for the continuous-
discrete state space model, including a state dependent diffusion function. In the
continuum limit, a stochastic partial differential equation is obtained. From this, we
can draw random vectors from the conditional distribution of the latent states, given
the data. This sample can be used for the estimation of the unknown importance
density and in turn to the determination of a variance reduced MC estimator of
the likelihood function. Moreover, one obtains a numerical solution of the optimal
smoothing problem.

The unknown importance density was estimated from the sampler data using
kernel density and regression methods. Alternatively, a gaussian reference density
with suboptimal properties, but known analytical form was used. Methods based on
transition kernels and the Fokker-Planck equation generally gave good results, but
seem to be restricted to low dimensional state spaces. In the geometrical Brownian
motion model, well known from finance, all methods gave encouraging results.

However, in a strongly nonlinear system (Ginzburg-Landau model), estimation
methods for the importance density based on kernel density and regression meth-
ods performed disappointingly, whereas the extended Kalman sampler EKS (using
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a gaussian importance density determined by extended Kalman smoothers) gave
smooth likelihood surfaces near to the true ones.

In further work, the methods will be tested with simulation studies and extended
to higher dimensional models such as the 3 dimensional Lorenz model well known
from chaos theory.

More generally, one can compute variance reduced estimates of functionals in-
volving It6 processes such as the Feynman-Kac formula used in finance and quantum
theory (Singer; [2016)).

Appendix: Continuum limit

The expressions in the main text were obtained by using an Euler discretization of the
SDE , so in the limit 6 — 0 one expects a convergence of 7; to the true state y(7;) (see
Kloeden and Platen; (1999, ch. 9). Likewise, the (J + 1)p-dimensional Langevin equation
. ) for n;o(u) will be an approximation of the stochastic partial differential equation
(SPDE) for the random field Y, (u,t) on the temporal grid 7; =ty + jot.

A rigorous theory (assuming constant diffusion matrices) is presented in the work of
Reznikoff and Vanden-Eijnden| (2005); [Hairer et al.| (2005, 2007)); Apte et al.| (2007); Hairer
et al. (2011). In this section it is attempted to gain the terms, obtained in this literature
by functional derivatives, directly from the discretization, especially in the case of state
dependent diffusions. Clearly, the finite dimensional densities w.r.t. Lebesgue measure
loose their meaning in the continuum limit, but the idea is too use large, but finite J,
so that the Euler densities p(np,...,n7) are good approximations of the unknown finite
dimensional densities p(yo, 70; ..; ¥, 7s) of the process Y (t) (cf. [Stratonovich|/1971} 1989,
Bagchi|2001| and the references cited therein).

Constant diffusion matrix

First we consider constant and (nonsingular) diffusion matrices Q. The Lagrangian ((15])
attains the formal limit (Onsager-Machlup functional)

s = 4 [ dy(ey (@) tayte (51)

[ roreraye 4 [ sy (52)

If y(t) is a sample function of the diffusion process Y (¢) in (1)), the first term (51]) does
not exist, since the quadratic variation dy(t)dy(t) = th is of order dt. Thus we have

dy(t) (Qdt) " tdy(t) = tr[(Qdt)~ dy(t)dy(t)'] = tr[I,] = p. Usually, is written as the
formal expression 3 [ ¢(t)’ Q~'y(t)dt, which contains the (nonexisting) derivatives g(t).
Moreover, partial integration yields

-3 [were g (53)

so that C~1(t,s) = Q~1(—0%/0t?)§(t — s) is the kernel of the inverse covariance (precision)
operator of Y(¢) (for drift f = 0; i.e. a Wiener process). Indeed, since

0% /0t? min(t,s) = —o(t — s), (54)
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the covariance operator kernel C(t, s) is
C(t,s) = Q(—82/8t2)*15(t — s) = Qmin(t, s).

Thus, p(y) o« exp[— f y(t (t)dt] is the formal density of a Gaussian process Y (t) ~
N(0,0).
In contrast, the terms in are well defined and yield the Radon-Nikodym derivative

(cf.

aly) = exp{ [ fly)Q 'dy(t) fly (55)
(et -1 [ e swa),

This expression can be obtained as the ratio of the finite dimensional density functions
p(Yg,TJs -y Y1, T1|Y0, T0) for drifts f and f = 0, respectively, in the limit §¢ — 0 (cf. Wong
and Hajek; |1985, ch. 6, p. 215 ff). In this limit, the (unkown) exact densities can be
replaced by the Euler densities . Now, the terms of the Langevin equation will
be given. We start with the measurement term , a=1,..,p

dlog p(zly)/0ya(t) th. oRiH (2 = hi)o(t — t;) (56)

where the scaled Kronecker delta (95, /0t) was replaced by the delta function (see footnote
. Clearly, in numerical implementations a certain term of the delta sequence 6, (t) must
be used (cf. Lighthill; 1958)). Next, the term stemming from the driftless part is

—650/0ya(t) = Qaaii(t) = Quays(t),

or Q7 y,(¢) in matrix form, which corresponds to (53)). The contributions of S; are (cf.

19)
—651/0ya(t) = F(Y)p.aQsdyy(t)/dt — Qjdf-(y)/dt.

The first term is of Itd form. Transformation to Stratonovich calculus (Apte et al.; 2007,
sects. 4, 9) yields

ha/jdyg = hag o dyg — %hagﬁﬁgfydt (57)
dfa = fa,pdyYs + 5fa, syt = fa,50dys (58)

Thus, we obtain

—651/0ya(t) = f(Y)5.a, © dyy(t)/dt — 5f(y)p.ap
Qo f(y)y 5odyw( )/dt
(fy ' = Q7 f)) o w(t) — 50,[0, - f(y)]

where 0, - f(y) = fsp = div(f). Finally we have (cf.
—0Sa/dy(t) = —f,07'f
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and 6,y log p(y(to)) = Oy, log p(yo)d(t — to). Putting all together one finds the Langevin
drift functional (in matrix form)

0P(ylz)
_T(t) = F(yl2)

T
= Ny ()R (i — ha(y))d(t — )
1=0

+ Qg+ (f;Qfl — Q) ow
— 50y[0y - f(y)] - [ 7S
+ Oy logp(yo)o(t —to)
and the SPDE (cf. Hairer et al.; 2007)
= F(Y(u,t)|2))du+ V2 dWi(u,t), (59)

)
where Wy(u,t) = 0,W (u,t) is a cylindrical Wiener process with E[W(u,t)] = 0, E[W;(u,t)
Ws(v,s)'] = I,min(u,v)é(t — s) and W(u,t) is a Wiener field (Brownian sheet). See,
e.g. |Jetschke| (1986); Da Prato and Zabczyk (1992, ch. 4.3.3). The cylindrical Wiener
process may be viewed as continuum limit of W;(u)/Vét, E[W;(u)/V/dt W (v)/V/t] =
I, min(u, v)5t =18

dY (u,t

State dependent diffusion matrix
In this case, new terms appear. Starting with the first term in , one gets
~ a0t (M1 = 2js T 0j-18) > Q) 0 (D).

The second term in contains terms of the form h; (n; — n;—1) which appear in a
backward Ito integral. Here we attempt to write them in symmetrized (Stratonovich)
form. It turns out, that the Taylor expansion must be carried to higher orders.
Writing (for simplicity in scalar form)

Qom0 —Q; ony = hy10m1 — hyon;
and expanding around 7;

=1
hjor = hj+ ) k(-1 = ;)"
k=1

one obtains

oo 1 k
hj—16nj—1 — hjén; = h;j(dnj—1 —on;) + Z ( /{:') hj,kénfjll. (60)
k=1 '

To obtain a symmetric expression, h; j is expanded around 7;_1 /3 := %(773‘—1 +1;). Noting
that n; —nj_1/2 = %517j_1 we have

> (3)
hjr = Z%h]’—lﬁ,k-&-léné‘—l (61)
=0
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and together

o~ (=DFG) k41
hi(0mj—1 —om) + Y ekt (62)
k=1,1=0 t

Multiplying with 62~2 and collecting terms to order O(6t2) one gets the continuum limit

Qo -0 o~ L0102 (63)

The last term in is absorbed in the expression .
The continuum limit of the first two terms in the derivative of Sy (see is

— [ (4)5,a2Y) 5 dyn (1) /dt + d[Qy) o) f(y)]/ dt.
Transforming to Stratonovich calculus (57H58)) yields

~{F(W)5.02Y) 5y — [2W) a5 fsW)] A} o dyy (8) /At + 31 (1)5.02(Y) 5y) 6008 (64)
Equation yields
652/0ya(t) = FW)s.aW)51f W)y + 5 W)Y 50 0 f ¥)+- (65)

The last term to be discussed is . Formally,
$0t7 20 {Q [Qdt — (dy — fdt)(dy — fdt)]} = (66)
Str{ QL Q0 — (5 — N — N

From the quadratic variation formula (dy — fdt)(dy — fdt)" = Qdt it seems that it can be
dropped. But setting dn; — f;0t = ngj\/ﬁ (from the Euler scheme, see ), one gets

X = 50t e {00 (I — 22))}

In scalar form, one has X := %51&‘19;(19]- (I — 232) which is x3-distributed, conditionally
on 7;. One has E[1 — 22] = 0; Var(1 — 2?) = 1 — 2+ 3 = 2, thus E[X] = 0 and Var[X] =
36t 2 E[Q; 208,

Therefore, the drift functional in the state dependent case is

0P (y|2)
— F(ylz
55(0) (y]2)
= (56) — (63) — ([64) — (63) + (66) + Iyo log p(y0)d(t — to)
Discussion

The second order time derivative (diffusion term w.r.t. t) Q= 1y, in the SPDE resulted
from the first term in the Lagrangian corresponding to the driftless process (random
walk process). Usually this (in the continuum limit) infinite term is not considered and
removed by computing a density ratio which leads to a well defined Radon-Nikodym
density . On the other hand, the term is necessary to obtain the correct SPDE.
Starting from the Radon-Nikodym density for the process dY (t) = fdt + GdW (t)
at the outset, it is not quite clear how to construct the appropriate SPDE. Setting for
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simplicity f = 0 and dropping the initial condition and the measurement part, eqn. (59)
reads

dY (u,t) = Q71 Yie(u, t)du + V2 dWy(u,t).

This linear equation (Ornstein-Uhlenbeck process) can be solved using a stochastic con-
volution as (A4 := Q719?)

Y(u,t) = exp(Au)Y (0,t) + /Ou exp(A(u — 8))V2 dWy(s, t).

(cf. [Da Pratoj; 2004} ch. 2). It is a Gaussian process with mean p(u) = exp(Au)E[Y (0)]
and variance Q(u) = exp(Au)Var(Y (0)) exp(A*u) + [, exp(As)2exp(A*s)ds where A* is
the adjoint of A. Thus the stationary distribution (v — oo) is the Gaussian measure
N(0,Q(c0)) with Q(00) = —A~t = —Q - [02]7!, since A = A*. But this coincides with
C(t,s) = Qmin(t, s), the covariance function of the scaled Wiener process G - W(t) (see
(54); Q@ = GG'). Thus, for large u, Y (u, t) generates trajectories of GW (t). More generally
(f #0), one obtains solutions of SDE . A related problem occurs in the state dependent
case Q(y). Again, the term [ dy/(Qdt)~ dy yields a second order derivative in the SPDE,
but after transforming to symmetrized Stratonovich form, also higher order terms appear
5.

Moreover, the differential of Q! in the Lagrangian imports a problematic term
similar to into the SPDE, namely 1(y — f)/(271)y(y — f), which can be combined
with the derivative of the Jacobian (cf. . Formally, it is squared white noise where the
differentials are in It6 form. A procedure similar to , ie.

— (—3)'
hje = ZT?hj+1/2,k+l5U§ (67)
1=0 ’

can be applied to obtain Stratonovich type expressions. Because of the dubious nature
of these expressions, only the quasi continuous approach based on approximate finite
dimensional densities and Langevin equations will we used in this paper.
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